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Abstract  This paper presents a canonical dual approach to minimizing the sum of a qua-
dratic function and the ratio of two quadratic functions, which is a type of non-convex opti-
mization problem subject to an elliptic constraint. We first relax the fractional structure by
introducing a family of parametric subproblems. Under proper conditions on the “problem-
defining” matrices associated with the three quadratic functions, we show that the canonical
dual of each subproblem becomes a one-dimensional concave maximization problem that
exhibits no duality gap. Since the infimum of the optima of the parameterized subproblems
leads to a solution to the original problem, we then derive some optimality conditions and
existence conditions for finding a global minimizer of the original problem. Some numer-
ical results using the quasi-Newton and line search methods are presented to illustrate our
approach.
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1 Introduction

We study in this paper the following quadratic fractional programming problem:

(P) : min[Po(x)zf(x)+% : XGX] (1)

where x = (x1, x2, ..., x,)] € R" and
1 1 1
fx) = EXT ox — f7x, g(x) = EXTGX, h(x) = EXTHX —b'x,

with Q € R™*" being symmetric, G € R"*" symmetric positive semi-definite, H € R"*"
symmetric negative definite and f, b € R". Assume that "'= h(H"'b) > 0and § €
O, ny ! ], then the feasible domain X is defined to be

X={xeR"| h(x)>§ >0},

which forms a constraint of elliptic type.

Problem (P) belongs to a class of “sum-of-ratios” problems that have been actively stud-
ied for several decades. The ratios often stand for efficiency measures representing perfor-
mance-to-cost, profit-to-revenue, return-to-risk, or signal-to-noise for numerous applications
in economics, transportation science, finance, engineering, etc. [1,6,10,16,18,19,27,30].
Depending on the nature of each application, the functions f, g, & can be affine, convex,
concave, or neither. However, even for the simplest case in which f, g, h are all affine func-
tions, problem (P) is still a global optimization problem that may have multiple local optima
[5,26]. In particular, Freund and Jarre [12] showed that the sum-of-ratios problem (P) is
NP-complete when f, g are convex and % is concave (Our setting fits this category.). Due to
computational complexity, most known algorithms work on the problems with linear-ratios
using the branch-and-bound approach [2-4,17,21], although there do exist some different
approaches [25,32]. Related work on nonlinear fractional programming can be referred to
[22-24].

Due to the non-convexity involved in the fractional structure, the ordinary Lagrangean
dual only provides a weak duality theorem that may bear a positive duality gap. Interestingly,
Scott and Jefferson [29] proposed a signomial dual [9,28] for the sum-of-affine-ratios prob-
lems. In their approach, the strong duality theorem holds but the weak duality theorem is
missing. Notice that the optimal solutions, when f, g, 4 are affine and linearly independent,
always lie on the boundary of the feasible region (see Craven [7]). In this paper, we are
motivated by this property to develop a canonical dual approach based on Gao and others’
work [11,13,31] for solving problem (P).

In Sect.2, we first parameterize problem (P) into a family of subprograms {(P,)}, in
which each subproblem is a (possibly non-convex) quadratic program subject to one qua-
dratic constraint. Similar parametric idea can be found in [12,20] Then, we show the infimum
of the optima of the parameterized subproblems provides a solution to problem (7). Since
each subproblem (P,) may be a non-convex problem, a canonical dual problem (733) is
derived. We provide some sufficient conditions to establish both the weak and strong duality
theorems (the so called perfect duality) for the pair of (Pu)and(Pl‘f). In Sect. 3, we study
the topological properties of the feasible domain of the canonical dual problem and find
the domain is a one-dimensional ray that could be open or closed and whose boundary can
be characterized by the largest eigenvalue of a matrix composed of the problem-defining
matrices Q, G and H. Then we develop some existence conditions under which a global
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optimizer of the original problem (P) can indeed be identified by solving the corresponding
canonical dual problems. In Sect.4, we provide two numerical examples. The first example
is a one-dimensional problem whose dual can be analytically solved to verify the correctness
of the proposed approach. The second one is a two-dimensional example which sheds some
lights on the numerical issues arising from the canonical dual. We show that a quasi-Newton
method with line search using the Armijo’s rule works efficiently.

2 Sufficiency for global optimality
In order to solve problem (7P), consider the following family of parameterized subproblem:
. 1
(Pw) : mln‘PM(x) = EXTQX—fTX-f—,U,g(X) : X€ Xu] , 2)
where u € [uo, 8§11 and
X,={XeR" | h(x)>p~' >8>0}
is a convex set. We immediately have the following result:

Lemma 1 Problem (P) is equivalent to (P,) in the sense that

;2;( Py(x) = inf inf Py (x). 3)

€lpo,8 711 XEX,
Proof ltis easy to see that

inf P
inf Ao

. 1 8(x)
— fl= T —fT
xex [ X Ox—ix+ h(x)’
1
= inf inf [fXTQX —f'x + @]
welpo. 6~ hxy=p=" | 2 h(x)
1
= inf inf [fxT Ox — t7x + ,ug(x)]
pelpo,81 h=p~" [ 2

v

welpo,6-1] XeXy

= inf inf P, (x).
welpo. 871 X€X,

1
inf inf [EXT Ox —fo+pLg(x)]

Conversely,

: : 1 r T
inf inf Ex Ox —ft'x+ pugx)

welpo,6~1] XeXy

1
= inf inf ‘fxT ox — fo+ug(x)]
nelno,611 h=u~ [ 2
1
> inf inf ‘fxT ox —f'x + @] (since g(x) > 0)
nelno, 8~ hz=p-t | 2 h(x)
= inf Py(X).
inf, Poo)
This completes the proof of the lemma. O
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Now, for any given u € [1o, 8711, we define

Gulo)=Q+uG—oH, foro >0, )

S =1{0=0] Gulo) > 0}, 5)

Pl(o) = 7 1(f —ob)" G (o) —ob), (6)
w2 "

where ‘>’ means positive definiteness of a matrix. In the following we let 88;‘ denote the
boundary of S;f, det G, (o) be the determinant of the matrix G, (o) and oyax represent the
maximum root of the equation defined by det G, (c) = 0. Then we have the following
topological properties of S;[.

Lemma 2 Given any ju € [po, 3”1, then

(@) G, (o) > 0as o becomes large enough;
(b) S;f isarayin R
(© S = {o € R'|o = max{0, opax}}.

Proof (a) Since —H is positive definite, there exists y > 0 such that —H — y I > 0 with /
being an identity matrix. Notice that when o is large enough, the matrix Q +uG +oy I
is diagonally dominant with positive diagonal elements. From [8], we know it is positive
definite. Consequently, G, (o) is positive definite as o becomes large enough.

(b) Assume thato € Sl‘f, then Q + uG —o H > 0. Hence foranyo > o >0, Q + uG —
ocH=(Q+nuG—-oH)+ (60 —o)(—H) > 0. This means S;‘ is a ray.

(c) Since H is symmetric negative definite, we can write —H = LLT such that L is lower
triangular with positive diagonal elements. In this way, we have

Gu(o)=L(B+aoDLT, (7
where B = L’l(Q + ,LLG)(L’l)T. It is easy to see that
Gu,>0&= B+ol>0 3)
and
detGp(0) =0 = det(B+o0l) =0. C))

It follows from (9) that if 01 > 05 > - -+ > 0, are the roots of det G, (o) = 0, then they are
the eigenvalues of the matrix — B. Therefore,o0c —0| <0 —o0p < --- < 0 — 0, are the eigen-
values of the matrix B + o I. By (8), we know that the smallest eigenvalue 0 — o of B+o01
is positive if and only if G, (o) is positive definite. Consequently, when o1 < 0, the matrix
G (o) must be positive definite for o > 0. In this case, 88; = {0}. On the other hand, if
o1 > 0, then the maximum root oy, = 01 becomes the boundary point of Slj'. m]

Lemma 3 For any given p € o, 811, the canonical dual function P;f (o) is concave and
C! continuous with a decreasing derivative over S:[.
Proof By direct calculation, we have

diap,;’(a) = % —x(0)" (%Hx(a) - b) (10)
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and
d—zpd(o) = —(Hx(@) =b)TG (o) (Hx(0)T —b) (11)
do?2 ™ - n ’
where x(0) = G,,'(o)(f — ab). It is obvious that %Pg (o) < 0 provided that G, (o) is
positive definite. This completes the proof. O

Given any u € [uo, 811, consider the following canonical dual problem (Pﬁ):
(773) sup [Pl‘f(a) : o€ S;'} .
Theorem 1 (Weak Duality) If there exists a global maximizer o, of Pl‘f (0) over 8T, then
the vector
X, =G, (0,)(f — oy,b) (12)
is a global minimizer of (P,,) over X, and
Pl(0) < Pu(x), VY (x,0) € X, xS} (13)

Proof Let A(:) : R" — R be the so-called geometrical transformation (see [13—15]) defined
by

1
y= A(X) = /,L_l +bTX — EXTHX (14)
and let
_ o ify <0
vy = [ 400 otherwise, (13)

whose conjugate function is

0 ifo >0;
+00 otherwise.

Vi) = [

Then, Problem (,,) in (2) can be written as the following unconstrained optimization prob-
lem

1
min | P(x) = V(A(x)) + ExT Ox —fTx + %XTGX | x e R”] . (16)
Following [15], we define the so-called “total complementary function” as
1
E(x,0) = A(X)TO' — Vﬁ(a)—i— EXTQX—fTX-i- %XTGX 17)

forx e R" and o € SJ‘. Since V(o) = 0 when o > 0 and A (x) can be substituted by (14),
the total complementary function can be simplified as

E(x,0) = % + %XT(G”(G))X— (f —ob)’x, (18)

where G, (o) is defined in (4). Note that E(xX, o) is convex in x € R” for any given o € S;‘
and affine (hence concave) in o for any given x € R”". Therefore, for each o € Slj', the
criticality condition
0E
ax

leads to the global minimizerx(o) = G, L(o)(f—ob)of E(x, o) with respect to x. Moreover,

=Guo)x—(f—ob)=0 (19)
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min E(X,0) = E(x(0),0)
xeR"

=2+ 2X0) (Gu(@)x(@) ~ (F ~ ob)x(0)

_9. %X(U)T(f —ob) — (f — ob) x(0)

"

=% L ob)x0)
w2

=7 e oh) (G b
w2 :

= P!(0).

By the assumption, o, is a global maximizer of P;f (o) over Slf. If 0, is an interior of
Sl‘f, then %Pg(au) = 0. Otherwise, we have 0, = max{0, omax} and %Pﬁ(aﬂ) < 0.
In either case, if we denote x, = X(0y,) = G;l(o,t)(f — o,b), it follows from (10) that

1

wT XZ(%HXM —b) < 0. Namely, x,, € X),. Therefore, for any o € S,‘f we have

Pl(o)

IA

Pd(oy)

= ;IelIlRI}l B(x,0u)

= E(X/u Ou)

= min (X, 0,)
xeX,lu(’ "

IA

1
Ao = Vi) + 5x" Ox—1'x + %XTGX, VX € X,
< P,(x), Vx € X),.

The last inequality comes from the fact that A(x) < 0,0 > 0, and Vﬁ(o) = 0 when
(x,0) € &, x S:[. This completes the proof. ]

Theorem 2 (Strong Duality) If o, is a critical point of Pl‘f (o) over ST, then (PZ) is perfectly
dual to (P,,) in the sense that the vector

X, =G, (0,)(f — 0y,b) (20)
is a global minimizer of (P,,), o, is a global maximizer of (Pﬁ) and

min P, (x) = P,(x,) = P? = max P%(0). 21
X, /L() u( u) ,U,(Uu) G'GS);} #(U) 21

Proof The proof basically follows that of the weak duality Theorem 1. The only difference
lies in the assumption that o, is a critical point of P,‘f (o) over S;[. In this case, % Pﬁ (op) =0.
Consequently, x,, = x(0,) = G;l(au)(f — o, b) is on the boundary of X, i.e., x, € 0X),.
Hence A(x,) = 0 and it further implies that

Pl (o)) = B(Xp, 04) = Pu(xy).

Then Eq. 21 follows naturally. O

The above results immediately lead to the following sufficient condition for finding the
global optimizer of problem (P):
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Corollary 1 (Sufficiency) If there exists a critical point o;, € S:[ for every i € [0, 8711,
then

min Py(x) = min Pl (0,). (22)
xeX neluo.57]

3 Existence of global optimality

Recall that o,y is the maximum root of det G, (o) = 0. It can be found by using the power
method or QR methods. Once it is calculated, we know Sl‘f is a one dimensional (open or
closed) ray starting from opmax or 0 toward infinity. The next result provides an easy-to-check
condition for the existence of a global optimal solution o, to problem (Pﬁ) over SJ with

any given i € [uo, s

Theorem 3 (Existence) Given any u € [1o, s, if

dP% (o
lim 5 @) >0 (23)
o(eSh—~as; do
and
dPe (o
tim L (24)

o—oo do

then the canonical dual problem (Pﬁ) has at least one global optimal solution o, € S/i'.

d
Proof Since dpc‘l‘;g) is continuous and decreasing over S;, it follows from (23) and (24) that

there exists one o, € Slf to be a critical point of P;f (0). By Theorem 2, we know o, is a

global optimal solution of (Pﬁ). O

The existence condition in Theorem 3 actually implies that o, lies in the interior of S;[.
We may extend our results to the situation that the point o, lies on the boundary 35;‘, ie.,

dP (o
lim i )=0

o(eShH—ast do

(25)

There are two possible cases for this to happen. Case 1: when opax < 0, then 88:[ =
{0} and det G, (0) > 0. In other words, 0,, =0 € S;‘ is a global optimal solution of (PZ).
Case 2: when omax > 0, then the set 8:[ may become open and condition (25) leads to a
critical point that does not lie in S,f. We thus would like to sharpen the result of Theorem 2
as follows.

Lemmad Letoy > 03 > -+ > oy,i = 1,2,...,s, be the distinct roots of det G, (o) =
0 and I; be the identical matrix with its dimensionality being the multiplicity of o;. Then,
there exists a non-singular matrix N such that NHNT = —1I and

Guo) =N""S@)(N"HT, (26)
where ¥ (o) = ol + Diag (—o111, —o21a, ..., —oly).
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Proof From (7), we know G, (c) can be decomposed as
Gu(o)=L(B+ol)LT,

where L is lower triangular with —H = LLT and B = L7(Q + nG)(L~HT. Since B is
symmetric, we can further diagonalize B by

B = M" (Diag (—o111, —o2a, ..., —051))M,
where M is orthogonal. Simply choose N = M L~!, the rest of the proof follows. O

Keep the notation used in Lemma 4 and assume that r; is the multiplicity of the root
omax = 01. Then we have the next result.

Theorem 4 IfaS/f = {01} with o1 > 0 and
dPi(c
lim 5 (@) =

o(eShH—af do

0, 27)

then oy defines a global minimizer X of problem (P, ) such that

- . —1
X = a(e‘;}l&ar G, (o) — ob). (28)
Proof Denote
d(0) = (d1(0),dr(0), ..., dy(0))T = N —ob). 29)

Foro € S;f, by (10) we know

dPi@) 1 1
do _; 2
11 _ _ _
= ;—E(N(f—ab))TZ(a) INHNTS(0) " 'NE—ob)+(Nb)T £(o) "' N(f—cb)

(t—ob)' G, (0)HG; (o) —ob) +b" G (0)(f — ob)

_! + 1(1(a)T2(a)—2d(a) + (Nb)T2(0) d(0)
=3

1 1d3©0)+d30)+---+d* () 1 i
w2 oo Tt @ B @) (o)
+f1d1 (0) + tadr (o) + - + ty,dy, (0) e

n—ri

Znr (@) dypy (0)
o — 0]

1 1S [ dio) 2oL T )
- — + 5 Z + Zk - tk + Edn—rl (0) En—rl (0) dn—r1 (U)
k=1

u o — o
Ht B (@) ey (0)

where t = Nbandd,_, (o), X,—, (0), t,—, represent the last n — r; elements of d(o),
Y (o), and t, respectively. As ¢ — o1, the vector d(o) converges to N (f — o1b). However,
condition (27) enforces that dy (), d2(0), . . ., dr, (o) converge to 0 no slower than (o — o7)
dPl (o)

does. Otherwise, e

would tend to positive infinity. Consequently, each of

A " di(o)

Vi = m , 1=i=sn
o(eS)—of 0 — 0]

exists with a finite value.
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A unique solution of (y, 41, ..., j,,)T is then determined by

(01 —02) I 0 Vri+1 dy +1(01)

_ : Vri+2 dr 42(01)
(01 —03) I3 : ”. 1 ' (30)

0 .. (o) —oy) I Yn dn(01).
Now
lim  G;'(o) —ob)
oeShH—or !

=N'G1, o Y It )T, 31)

exists to be a finite vector. Thus we can define

x2  lim G l'(o)f —ob),
G(ESI)—NTI+ "

and rewrite (27) as

1 1
— — x"Hx+b '3 =0.
no 2

This shows X is a primal feasible solution that resides on the boundary of X),.
Let 3: be the closure of S,f and define extensively the total complementarity function as

E(x,0) = % + %XT(G#(G))X —(—ob)’x, (32)

-t o . . . .. — .
forx e R"ando € S " Since G, (o1) is positive semi-definite, E(x, o) must be convex in

x € R" foreach o € 3:. Taking partial derivatives at (X, o1), we have

0 ~ _ _
gE(x, 01) = Gu(o)Xx — (f —o1b)
= lim Gu(0)x— (f—ob)
o(eShH—~a

= lim +(f —ob) — (f —o1b)

O’(ESI)*)O’I

=0.
Consequently,

Z(X, 01) = min E(x, 01)
xeR”?

min @(x, 1)
XEX),

IA

1
AX)T o1 = Vi) + EXTQX —fTx + %XTGX, Vx € Xy,
P, (x), VX € X),.

IA

Since X is on the boundary of X, and o is assumed to be non-negative, we have
E® 01) = P,X) < Pu(x), VX € X,. (33)

This proves the theorem. O
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Theorem 5 Assume that 39S, = {01} with o1 > 0 and

dPi (o)
lim 7“( =0
o(eShH—of do

If we further define
1
Plon=2—Zt —ob)'x, (34)
nwo 2
then Plf (o) is right continuous at o1 and attains its maximum over 3: at o1. In this case,
PY(0) < Pu(x), VX € Xy ando € S, 35)

Proof From (6), for each 0 € S, we have

o 1 _
Plo) = iat i ob) G (o) — ob).

Moreover,
o 1
lim Plo)=—-—_(t—ob)x
(r(GSf[)—*»(r]+ n 2
= Pjj(o1).

This shows that Pl‘f (o1) as defined in (34) makes the function P[f (o) right continuous at o7 .
. dPl@o) . . . dpd dpr?¢
Since (‘1‘0(0) is decreasing (Lemma 3) and hma_ler 50(0) % < 0.

Hence, P,‘f (o) is decreasing over S,j. The right continuity of P;f (o) at o1 further ensures

= 0, we know

that o1 must be the global maximum of Plf (o) over 3:.
Now, from (32), we have

(o1

- 1
E(X, 01) PR EiT(Gu(m))i —(f—ob)’x

— % L i Gu(o) lim G (o) —ob) — (f — o1b)'%
n 2 a%aﬁ oo H

a1

n

= P(o1)

< Pu(X), VX e X,. (by(33)

1
+ 5;‘(T(f —ob)— f—ob)Tx

This completes the proof. O

With Theorem 4 and 5, the existence condition of Theorem 3 can be generalized as

lim
o(eShH—~as) do

d
arl@ _

and

dPl (o
lim (@)

o—o© do <0
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In this case, we may find an optimal solution

dP(o,)

=0, detG,(oy) =0and G, (o) = 0.
o

oy € S, with

The following existence condition for global optimizers of the original problem then comes
naturally:

Theorem 6 If

dPd(o dPd (o)
fm e > 0and lim ¢ <0 (36)
o(eShH—ast do o—c0  do

hold for every p € [, 871, then

min Py(x) = min P (o).

Xe X 0( ) selios-1] M( /L)
4 Numerical examples
Example 1 Let us begin with a simple one-dimensional example by taking Q = —10, f =

1,G=1,H=—1,b=1and § = 0.01 to form a specific problem:

0.5x2
min Py(x) = —5x% — x + o
—0.5x2 —x

over the feasible domain
x ={x € Rl —0.5x> —x > 0.01} = {—1.9899 < x < —0.01005}.

The objective function Pp(x) has a singularity at —2 and it is neither convex nor concave
over x. (See Fig. 1 for the graph of Py(x).)
By Lemma 1, we have mingex Po(X) = minye(2,100) Mingex, Py (X) with

1 7 T
Py(x) = 7% Ox —x" f+pgx)
= (=5+0.5n)x> —x
and x, = {—1—+/1 —2u~! <x < —-1+4+/1 —2u~!}. Directly minimizing P, (x) could

be difficult. For example, if u € [2, 10), P, (x) is concave so that we are facing a family
of less desirable concave minimization problems. Contrarily, each canonical dual functional
P;f (o) of P, (x) is concave over SI. Therefore, for each u € [2, 100], we are to maximize

Aoy O L e _
P, (o) = p 2(f ob)' G, (o)(f —ob)
o (1 —0)?

nw  2(-104+pn+o0)
over S;‘ = {0 |0 > max{0, 10 — u}}. The derivative of P[f (o) becomes

d piyy L, ] — 2+ —
— o)=—+ = .
do ™ w 2\-10+pu+o —10+pu+o
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'8-2 -15 -1 -0.5 0 0.5

Fig. 1 Graph of Py(x) for Example 1

It is obvious that
lim iP‘I(U):l—i—l—lzl—l<0f0ru>2.
o>o0odo M % 2 i 2
Hence the condition (24) is satisfied for i > 2. On the other hand,

0o, ifpu €[2,9),3S5 = {10 — u};

d | ife=9.08F ={1});
s da O = oo, i e 9,101,085 = (10— p;

L+ 3GE)? + 2 > 0, if e (10,1001, 88, = {0).

This implies that condition (23) holds except for 4 = 9. By Theorem 3, the maximizer
oy of Pg (o) for each p € [2, 100] \ {2, 9} exists. We can then implement a simple Newton
method to locate o, and define Pl(p) = P/f (0y,). Figure 2 shows the graph of Plf (o)
in terms of w. It has three local minima at © = 2, u = 3.3825 and © = 100, respec-
tively, and one global maximum at . = 9 which is a cusp of P9 (). Finally, we minimize
pd (w) over p € [2, 100] using the line search with Armijo’s rule (to be further described in
Example 2 below) to obtain the global minimum at u = 3.3825 whose corresponding primal
solution is x = —1.6393.

Example 2 We consider a two-dimensional problem with

o[ o= [12) w2 o[ o[

The constraint set X = {x € R" | h(x) > § = 0.01} is an ellipse together with all its
interior. This example is a non-convex global optimization problem subject to an elliptic
constraint. Since ji, ' = h(H~'b) = 20.3, we consider the parametric programs P, (x) and
its canonical dual functional pl‘i (o) for v € [0.04926, 100].
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_80 10 20 30 40 50 60 70 80 90 100
o
Fig. 2 Graph of Pd(u) for Example 1

To verify Theorem 3, we first factorize —H = LL” with

b= [f/ﬁ Oﬁ/ﬁ}'

Then we use Matlab symbolic calculation to find the largest eigenvalue of —L~1(Q +
wGYLNHT as

—6.9 — 31+ 0.1y/5581 + 39201 + 72012 for p € [0.04926, 100],

from which we can compute the boundary of S;[ as

aS+ = {=6.9 — 310+ 0.1,/5581 4 39201 + 72012}, if p € [0.04926, 1.609);
oy, if © € [1.609, 100].

and

4 oo, if € [0.04926, 1.609);
lim_ d—PI‘f(J) =1>0, ifpuel[l.609,10.659];
o—as; 4o <0, ifp e (10.659,100].

To check condition (24), we recall from the beginning of the proof for Theorem 4 that

d
dPio) 1 1

= —+ =d(0) Z(0)d(o) + (Nb)" Z(0)'d(0)
do w2
and hence
dpd
lim ar @) _ ! + l(Nb)T(Nb) — (ND)T(NDb)
c—o0  do no 2
I P
=L 2IINbII .
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We can verify that
1 1
—-20.29 < — — §||Nb||2 < —13.6 for u € [0.04926, 100]
n

and thus condition (24) is met. From the above calculation, we have the strong duality on
n € [0.04926, 10.659] since there is a critical point inside Slj. We have, however, only the

weak duality on p € (10.659, 100] since the global maximizer of P[f (o) occurs at oy, =0
but lim, _, o+ %Pl‘f (0) < 0. From Theorem 1 and 2, if we define

Pd(0,), for ju € [0.04926, 10.659];

d —
P () = [ P;f(())’ for € (10.659, 100],

then P4 (n) < P, (x,,) with the equality sign being valid only on u € [0.04926, 10.659] (See
Fig. 3 for the graph of P9 (1).). What we can do is to minimize with respect to  the lower
bound function P? () of P, (x,,). If the minimizer * resides luckily in [0.04926, 10.659]
(which is the case for this example), then we solve the master problem (P). Otherwise, we
only obtain a lower bound value of (P). Nevertheless, to numerically minimize Pe(n), we
need to address a few issues as follows.

Although Pg (o) is concave for each € [0.04926, 100], some of them have a very
large “flat” region so that the Newton method may fail to converge. For example, when
n = 0.9593, S; ={o0>0]| G,(o) > 0} = {o > 0.2242}. The optimal solution for maxi-
mizing P(Si.9593 (o) over {o > 0.2242} is 0, = 1.47 (See Fig. 4 for the graph of Pod_9593 (0).).
Such a function could cause numerical difficulty for the pure Newton method, should we not
start from an initial solution close to o, = 1.47.

We can, however, introduce a quadratic penalty term to the function Pl‘f (o) as follows:

5 1
P;f(o) =o/pn— E(f — ab)TG;‘(g)(f —ob) — %02

P(p)
100 : : : :

80 ]

60 | A

O-ﬁ

-20 ’ : : ’
0 20 40 60 80 100
Fig. 3 Graph of Pd(u) for Example 2
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Fig. 4 Graph of P{yses(0) for — pd  (,
Example 2 ’ 0.9593 ( )

-2001

-400 |

—600 [

-800

-1000

-12001

-1400

where y > 0 is the penalty parameter to be reduced to 0 gradually. This will bend the flat
region of Pl‘j (o) for easier maximization numerically.

To minimize P4 () over u € [wo, 811, we use the line search with the Armijo’s rule and
thus it is not necessary to solve o, for each . Suppose the currentiterate is at p; € [0, s,
we may approximate the derivative of P?(u) at o = uy by

d . Py + &) — PAGue)
dy = @Pdw)m:#k = ;

where ¢ > 0 is a selected parameter and the two terms in the numerator can be evaluated by
the quasi-Newton method. If d;y > 0, the full step size s can be taken as the distance from
the left boundary to px, i.e., s = po — k. Otherwise, we take s = 8~1 — puy from the other
end. Then, we select two parameters such that parameter « is close to O for scaling the slope
dy and parameter § € (0, 1) for scaling the full step size s. Let the test point ¢, be defined as

th = pk + (B"s)(ady)
and choose m to be the first non-negative integer such that
m =min{n = 0| P4(t,) < P! (ux) + (B"s)(adp)).-
Then, we can update

Pk+1 = pk + (B™s) (oudy)

and repeat until d, is nearly 0.

In our example, we use § = 2/3, ¢ = 0.001 and ¢ = 0.01. It took only 6 times of line
search to reach the global minimum of P;f (0y,) at u = 0.69076 with a value of —7.0766.
A total of 22 function evaluations including those used to find the search direction dj and
by the Armijo’s rule are required. As a result, it took only 1.0615 cpu seconds to reach the
optimal solution for this example, compared to 82.84 seconds taken by applying the grid
method (with a grid size of 0.01).
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5 Concluding remarks

The sum-of-ratios problems are considered to be difficult. In this paper, we study a special
class of basic sum-of-ration problems in quadratic form and hope the results can lead to
better understanding of fractional programming. We first parameterize such a problem into
a family of subproblems. Then we develop a corresponding canonical duality theory, both
in weak and strong duality form, to handle each subproblem. Based on the properties of
the subproblems, we provide not only the extremality conditions for global optimality of
the original problem, but also some easily checkable existence conditions to assure that the
global optimal solutions of a subclass of quadratic sum-of-rations problems can indeed be
found by solving a sequence of concave maximization problems.
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